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We investigate the ground-state phase diagram of the spinful extended Haldane-Hubbard model on
the honeycomb lattice using exact diagonalization (ED) and a mean-field (MF) variational approach.
This model, governed by both onsite and nearest-neighbor interactions, can result in two types of
insulators with finite local order parameters, either with spin or charge ordering. Besides, a third
one, a topologically non-trivial insulator with non-local order is manifest. We test expectations of
previous analyses in spinless versions asserting that once a local order parameter is formed, the
topological characteristics of the ground-state, associated with a finite Chern number, are no longer
present, resulting on a topologically trivial wave-function. Here, at the largest cluster accessible to
ED, we unveil a regime displaying both charge density ordering accompanied by an SU(2) symmetry
broken phase with Chern number C = 1. This phase, however, is not present in the MF variational
method, and is a warning of the systematic finite-size effects that can affect conclusions obtained in
small clusters.
I. INTRODUCTION
Topological phases, which evade the paradigm of the
conventional Landau-Ginzburg’s theory of spontaneously
broken symmetries associated to the onset of a local
order parameter, has been paramount to characterize
and classify a large class of materials [1–3]. In the
past few years, the classification of topologically ordered
states in non-interacting systems is believed to be com-
plete [4, 5]. Nonetheless, interacting topological mod-
els are expected to display much richer phenomena [6],
as for example, antiferromagnetic topological insulating
states [7–10] or interaction-driven topological Mott insu-
lators, in otherwise topologically trivial models [11–18].
Some of these results, obtained via mean-field methods,
have been disputed [19–23], but two-dimensional systems
with quadratic band-crossings, and weak interactions,
may yet allow the observation of interaction-induced non-
trivial topology [24–30].
In the scope of strong interactions, topologically or-
dered states were seen to be absent when the system
develops either charge or magnetic ordering [31–41]. Re-
cently, however, a new class of exotic states has been
shown, where in an interacting spinful version of the
Haldane model it is possible to observe spontaneous
SU(2) symmetry breaking. This is manifested as one
spin species yet remaining topological, whereas the other
turns trivial upon the increasing of a control parame-
ter, resulting in a phase with Chern number equals to
one [42–44].
In this paper, we further investigate the possibilities
that finite local order parameters can coexist with a topo-
logical phase, obtaining the phase diagram of the half-
filled spinful Haldane model (see Fig. 1), in the presence
∗ rmondaini@csrc.ac.cn
of both on-site and nearest-neighbor repulsive interac-
tions on a honeycomb lattice. Sufficient local interac-
tions are known to spontaneously induce SU(2) symme-
try breaking [45, 46] resulting in an antiferromagnetic
(Mott) insulator, whereas its nearest-neighbor counter-
part induces a charge density wave (CDW) insulator if
large enough, associated with a discrete (inversion) sym-
metry breaking. Our main finding is that, in general,
when the development of either order occurs, the topo-
logical characteristics of the wave-function, encoded on
a finite Chern number, are no longer present. Excep-
tions to this, however, may occur in the finite lattices
one investigates the model on, and is unclear whether
they might occur in the thermodynamic limit. [47]
One of the main challenges in investigating the inter-
play of topology and interactions is to unbiasedly com-
pute the ground-state properties, and thus the topologi-
cal invariants for the model of interest. If the model lacks
time-reversal symmetry, as the Haldane-Hubbard model,
quantum Monte Carlo (QMC) methods are largely lim-
ited due to the presence of severe sign problem [48–
50]. Cluster dynamical mean-field theory (DMFT), on
the other hand, has been very successful [42, 51, 52],
but the necessity to employ QMC as an impurity solver,
also limits the low temperature regime with larger clus-
ter sizes, where again, a vanishing average sign is detri-
mental to simulations [52]. Density matrix renormal-
ization methods are also particularly reliable in inves-
tigating topological properties, but more easily appli-
cable to ladder or cylinder geometries if beyond one-
dimension [21, 53–57]. We have chosen instead the exact
diagonalization (ED), where in spite of the small lattice
sizes amenable to computations, has been proven to be
extremely useful in characterizing topological interacting
systems [27, 31, 32, 58, 59]. In particular, previous inves-
tigations indicate that on a honeycomb lattice, clusters
with reciprocal lattices containing the K high-symmetric
point are able to grasp the fundamental critical features
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2owing to the closing of the excitation gap at this point
during the topological phase transition [31, 32]. To put
these results in perspective, we complement with a mean-
field analysis of the model, qualitatively corroborating
the onset of the ordering depending on the interaction
parameters.
The presentation is organized as follows: In Sec. II,
we introduce the model and all the quantities we use
to characterize the different phases. Section III and IV,
respectively, presents the results using ED and MF, re-
spectively. Lastly, Sec. V summarizes and discusses the
results.
II. MODEL AND MEASUREMENTS
We study the extended Haldane-Hubbard model
(EHHM), which is a combination of the Haldane
model [60] and the extended Hubbard model on the hon-
eycomb lattice [61, 62],
Hˆ =− t1
∑
〈i,j〉,σ
(cˆ†i,σ cˆj,σ + H.c.)
− t2
∑
〈〈i,j〉〉,σ
(eiφij cˆ†i,σ cˆj,σ + H.c.)
+ U
∑
i
nˆi,↑nˆi,↓ + V
∑
〈i,j〉,σ,σ′
nˆi,σnˆj,σ′ . (1)
Here, cˆ†i,σ (cˆi,σ) represents the electronic creation (anni-
hilation) operator at site i with spin σ =↑, ↓, and nˆi,σ ≡
cˆ†i,σ cˆi,σ, the corresponding number operator. t1 (t2) de-
notes the nearest-neighbor (next-nearest-neighbor) hop-
ping energy scale; U and V are the on-site and nearest-
neighbor interactions, respectively. A complex phase
φi,j = ±φ representing the loops in the clockwise
(anticlockwise) directions is added to the next-nearest-
neighbor hopping term. This phase, if chosen such that
0 < φ < pi, originates a model which breaks time-reversal
symmetry. In the non- and weak-interacting regimes, the
ground-state can thus be characterized by a topological
invariant, the Chern number [60]. Throughout the paper,
we focus on the ground-state phase diagram of Eq. (1), at
half-filling, with periodic boundary conditions (PBC), us-
ing both exact diagonalization and mean-field techniques,
in lattices containing N unit cells (and 2N sites). Below,
we briefly describe their methodology and how the ob-
servables are computed.
A. Exact diagonalization in real space
By employing periodic boundary conditions, we make
use of translational-symmetries, reducing the Hilbert
space size by a factor of N . We proceed with a large
scale diagonalization, where we apply either Arnoldi [63]
or Krylov-Schur methods [64, 65] to extract the ground-
state, and a few excited states of Eq. (1), for lattices with
up to N = 9, i.e., 18 sites. As will later become clear,
such lattice sizes are essential for the analysis, since clus-
ters with a reciprocal lattice that contain the zone corner
(K high-symmetry point) could exhibit the characteristic
first-order phase transition from the topological to the
topologically trivial phase, while others may miss this
feature, displaying it as a second-order one [31, 52]. In
the next section, we report results for clusters encom-
passing both cases, and this will become more evident.
The characterization of the quantum phase transition
is done via computing different quantities, such as the
ground-state fidelity metric, the charge and spin stru-
ture factors, and the Chern number. The first is defined
as [66–68]
g(x, δx) ≡ 2
N
1− |〈Ψ0(x)|Ψ0(x+ δx)〉|
(δx)2
, (2)
where x represents the interaction parameters U or V ,
and |ψ0(x)〉 [|ψ0(x + δx)〉] the ground-state of Hˆ(x)
[Hˆ(x + δx)]. This quantity is expected to produce a di-
verging peak with the system size, and has been routinely
used to characterize different phase transitions, since it
makes no underlying assumptions about the associated
order parameter [32, 69–71]. In what follows, we set
δx = 10−3 for either x = U or V .
To probe the onset of the different local orders, with
either spin-density wave (SDW) or charge-density wave
(CDW), we define structure factors in a staggered fashion
SSDW =
1
N
∑
i,j
(−1)η〈(nˆi,↑ − nˆi,↓)(nˆj,↑ − nˆj,↓)〉,
SCDW =
1
N
∑
i,j
(−1)η〈(nˆi,↑ + nˆi,↓)(nˆj,↑ + nˆj,↓)〉, (3)
with η = 0 (η = 1) if sites i and j are in the same
(different) sublattice, i.e., A or B.
The topological invariant is quantified by the
Chern number. If using twisted boundary conditions
(TBC) [72], it can be defined as an integration over the
Brillouin zone [73],
C =
∫
dφxdφy
2pii
(〈∂φxΨ∗|∂φyΨ〉 − 〈∂φyΨ∗|∂φxΨ|〉), (4)
with |Ψ〉 being the many-particle wave function, and
φx (φy) the twisted phase along the x (y) direction.
Provided there are no degeneracies in the ground-state,
Eq. (4) results in an Z integer number. An immediate
drawback is that this expression requires the computa-
tion of derivatives and integrals of the wave-function with
respect to the continuous variable. It has been shown,
however, to already converge to the true Chern number
if using a sufficiently discretized version [32, 74, 75]. In
what follows, we report results using a mesh of 6 × 6
phases (φx, φy) over the Brillouin zone. A comparison
with finer meshes is exemplified in the Appendix A.
3B. Mean-field method in momentum space
To constrast the results obtained via ED, we report
in Sec. IV mean-field (MF) calculations. For that, we
employ a two-site unit cell computing the correspond-
ing fields in momentum space, owing to the transla-
tional invariance of the problem. We choose a1 =
a(− 12 ,
√
3
2 ) and a2 = a(
1
2 ,
√
3
2 ) as the basis vectors in
real space; their counterparts in reciprocal space are
b1 =
1
a (−2pi, 2pi√3 ) and b2 = 1a (2pi, 2pi√3 ). By introduc-
ing the operators a†k,σ =
1√
N
∑
i∈A c
†
i,σe
ik·ri and b†k,σ =
1√
N
∑
i∈B c
†
i,σe
ik·ri , the Hamiltonian (1) can be expressed
as follows:
Hˆ = Hˆ0 + HˆI, (5)
with,
Hˆ0 =
∑
k,σ
(
m+(k)a
†
k,σak,σ +m−(k)b
†
k,σbk,σ
−t1g(k)a†k,σbk,σ − t1g∗(k)b†k,σak,σ
)
, (6)
and,
HˆI =
U
N
∑
k,k’,q
c†k+q,↑ck,↑c
†
k′−q,↓ck′,↓
+
V
N
∑
σ,σ′
∑
k,k’,q
g(q)a†k+q,σak,σb
†
k′−q,σ′bk′,σ′ , (7)
where g(k) = 1 + e−ik·a1 + e−ik·a2 , and m±(k) =
−2t2 [cos(k · a1 ∓ φ) + cos(k · a2 ± φ) + cos(k · (a1 − a2)± φ)].
After a mean field decoupling of the four-fermion terms
(including both Hartree and Fock terms), we arrive at the
following mean-field Hamiltonian
HˆMF =Hˆ0
+
∑
k
ψ†k

εa↑ ξ↑↑(k) ε
a
↑↓ ξ↑↓(k)
ξ∗↑↑(k) ε
b
↑ ξ
∗
↓↑(k) ε
b
↑↓
(εa↑↓)
∗ ξ↓↑(k) εa↓ ξ↓↓(k)
ξ∗↑↓(k) (ε
b
↑↓)
∗ ξ∗↓↓(k) ε
b
↓
ψk
where we have used the spinor notation ψ†k =
[a†k,↑, b
†
k,↑, a
†
k,↓, b
†
k,↓] as a basis for each lattice momen-
tum k. Now, by making use of the variational mean-field
approach, we end up with the following set of mean-field
equations, which complemented by the charge conserva-
tion, need to be solved self-consistently:
ξσσ′(k) = −V
N
∑
q
g(k− q)〈b†q,σ′aq,σ〉MF,
εaσ = Un
a
−σ + 3V
∑
σ′
nbσ′ ,
εbσ = Un
b
−σ + 3V
∑
σ′
naσ′ ,
εa↑↓ = −
U
N
∑
q
〈a†q,↓aq,↑〉MF,
εb↑↓ = −
U
N
∑
q
〈b†q,↓bq,↑〉MF, (8)
with densities naσ =
1
N
∑
q〈a†q,σaq,σ〉MF and nbσ =
1
N
∑
q〈b†q,σbq,σ〉MF. In the expressions above, the aver-
ages 〈· · · 〉MF are taken in the grand-canonical ensemble
by accounting for the Boltzmann factor in the mean-field
Hamiltonian.
Once convergence for the free energy has been
achieved, we can compute the CDW and SDW order pa-
rameters
OCDW =
∣∣(na↑ + na↓)− (nb↑ + nb↓)∣∣ ,
OSDW =
∣∣∣∣12 (〈~Sa〉 − 〈~Sb〉)
∣∣∣∣ , (9)
where ~Si =
1
2
∑
αβ c
†
iα~σαβciβ , and ~σ = (σ
x, σy, σz) is the
vector of spin-1/2 Pauli matrices. Even though we com-
pute other order parameters related to different broken
symmetry phases, these two turned out to be the most
stable. For the calculation of the Chern number, we use
the discrete formulation in its multiband (non-Abelian)
version [74]. In what follows, t1 is set to be the unit of
energy and t2 = 0.2. We further fix the Haldane phase φ
to pi/2, in order to maximize the Chern insulating (CI)
phase [31, 60].
III. RESULTS OF THE EXACT
DIAGONALIZATION CALCULATION
We start by directly presenting the phase diagram
[Fig. (1)] obtained via ED using four different clusters
18A, 16B, 12A and 12C [see Fig. 1(f)], and the partic-
ular characterization of each phase will be presented af-
terwards. These clusters are selected in such a way that
they are able to accommodate a Ne´el state (i.e., they are
bipartite if considering PBC), and we notice that clus-
ters 12A and 18A also exhibit the K-point as a valid
momentum-point in the reciprocal lattice, unlike clusters
12C and 16B [Fig. 1(e)]. These can result in systematic
finite-size effects, as we argue below.
The phase diagrams are characterized by phases with
the formation of a local order parameter as a result of the
interactions: large-U and V , result in SDW and CDW
phases, respectively. At the regime of weak-interactions,
4FIG. 1. [(a)-(d)] Phase diagrams in the parametric space (U ,
V ) of the extended Haldane-Hubbard model on the 18-sites
(a) and 16-sites (b) lattice, and two types of 12-sites lattice
(c) and (d), respectively, based on the ED calculations. As
with elsewhere in the paper, the parameters are t2 = 0.2
and φ = pi/2. The set of k-points for each finite cluster is
schematically represented in (e) along with the marked high-
symmetry points Γ, M and K. Panel (f) depicts the clusters
used in the ED analysis; all such clusters form a bipartite
lattice in the presence of PBC, but only clusters 12A and
18A contain the K Brillouin zone corner as a valid momentum
point.
a topologically-nontrivial CI phase with Chern number
C = 2 distributes at a closed area. That is, the par-
ent spinful non-interacting model possess a ground-state
characterized by a topological invariant which survives
in the presence of both interactions, as long as they are
sufficiently small or compete, preventing the onset of the
formation of a local order parameter. The transition to
a charge-ordered phase is fairly consistent across the dif-
ferent system sizes, whereas the one to a spin-ordered
one suffers from slightly larger finite-size effects. These
finite-size effects are not merely related to the number of
sites in the lattice but rather if the cluster under study
contains or not the K-point in its reciprocal lattice. For
that reason, clusters 12A and 18A present a quantita-
tively similar SDW transition, while for 12C and 16B
this transition is systemattically deviated to smaller on-
site interactions U .
These phase diagrams are constructed from the analy-
sis of several quantities mentioned in Sec. II. In order
to display all relevant features, we focus on a typical
line with V = 1, which successively crosses the CDW,
CI and SDW phases when increasing U from U = 0 to
U = 10. The results are shown in Fig. 2 for cluster
18A on the left panels, whereas the right panels display
the corresponding quantities for cluster 16B. The lattices
with 12-sites present similar results as their larger coun-
terparts, in what concerns the presence or absence of the
the previously mentioned K-point.
To start, we characterize the type of the transition,
by analyzing the low-lying energy spectrum dependence
across the different phases. The first four energy levels,
i.e., Eα with α = 0, 1, 2, 3 (E0 is the ground-state energy)
are plotted in Figs. 2 (a) and 2 (e). A careful inspection
shows that level crossings occur at the two phase bound-
aries (CDW-CI and CI-SDW) for the 18A cluster, result-
ing in first order phase transitions. These are absent in
the 16B cluster, and we reemphasize the carefulness re-
quired in selecting lattices with the most suitable point-
group symmetries. These crossings are more easily inden-
tified if defining the excitation gaps ∆
(α)
ex = (Eα−E0)/L,
as shown in Figs. 2 (b) and 2 (f) for α = 1 and 2, and clus-
ters 18A and 16B, respectively. In the CI-SDW transition
for the 18A cluster, owing to the fact that the ground-
state is non-degenerate, a vanishing ∆
(1)
ex precisely marks
the phase boundary.
The CDW-CI transition, on the other hand, is bet-
ter characterized by the vanishing of the second excita-
tion gap, ∆
(2)
ex . The reason behind this is that in the
CDW phase, the ground-state is two-fold degenerate in
the thermodynamic limit (and nearly degenerate in the
finite cluster we deal with), with a level crossing occur-
ring between E2 and E0 (or E1) as the transition is ap-
proached. In contrast, in the 16B cluster, such many-
body gaps never close, but the transitions can be yet
pinpointed by peaks in the fidelity metric g, displayed
in Fig. 2 (h). In turn, for the 18A cluster [Fig. 2 (d)]
a proper peak is missing (a discontinuity is instead ob-
served) precisely due to the fact the transition is first
order, and one needs a resolution of the control parame-
ter (in this case U) that is small enough to capture the
very narrow δU -dependent peak, gpeak = 2/
(
NδU2
)
[32].
Again for the 16A cluster, the ‘hump’ depicting the CI-
SDW transition becomes wider and smaller in magnitude
for larger V , making the characterization of this transi-
tion more challenging [see dashed lines in Figs. 1(b) and
1(d)], and thus amounting for the difference between the
phase diagrams of clusters containing or not the K-point.
Lastly, we report in Figs. 2 (c) and 2 (g) the structure
factors corresponding to each order, CDW and SDW,
which display a characteristic discontinuous behavior as
similarly found elsewhere for other models manifesting
a transition between topologically non-trivial and trivial
phases [27, 31, 32]. The inset in Fig. 2 (c) shows the ex-
tensive nature of SCDW and SSDW within each phase, by
contrasting the 18A cluster with its counterpart that also
contains the K-point in its reciprocal space, the lattice
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FIG. 2. Four lowest-lying energy levels Eα [(a) and (e)], ex-
citation gaps ∆E(α)ex [(b) and (f)], structure factors S [(c)
and (g)] and the fidelity metric g [(d) and (h)] of the ex-
tended Haldane-Hubbard model with V = 1 on the 18-sites
(left panels) and 16-sites (right panels) clusters. First order
phase transitions are only seen for the 18A cluster (see text).
The inset in panel (c) includes the structure factors for the
cluster 12A, highlighting the extensive nature of the corre-
sponding correlators sum within the ordered phases.
12A.
Back to the phase diagram in Fig. 1, we are now in
position to characterize the phase that displays a non-
local order parameter, the topologically non-trivial Chern
insulating phase. We present in Fig. 3 an overlay of
the computed Chern number, using a discrete version of
Eq.(4) [See also App. (A)], and the original boundaries
for the phases presented in Fig. 1. For the clusters 12C
and 16B, a C = 2 phase gives way to a C = 0 (thus
topologically trivial) roughly at the same positions as
the fidelity peak signals the CI-SDW phase transition, at
large-U values. For the CDW phase, on the other hand,
such change of the topological-invariant number is not
seen in the ranges of V ’s computed, but in the spinless
version of the present model, such coexistence of a C 6= 0
with a local order parameter has been attributed to the
fact that K is not in the set of k-points available for some
finite clusters, precisely as here [31, 32].
The most interesting features of this computation are
thus the ones that come from the calculation in clusters
12A and 18A, which contain the K in its reciprocal lat-
tice. Although for the 12A case [Fig. 3(c)] the computed
Chern number closely follows the general belief that once
the local order parameters develop the topological char-
acteristics vanish, results from cluster 18A [Fig. 3(a)] are
0 2 4 6 8 10 12
U
0
1
2
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4
V
(a) 18A CDW
CI
SDW
C=0 C=1 C=2
0 2 4 6 8 10 12
U
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(b) 16B
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CI
SDW
0 2 4 6 8 10 12
U
0
1
2
3
4
V
(c) 12A
CDW
CI
SDW
0 2 4 6 8 10 12
U
0
1
2
3
4
(d) 12C
CDW
CI SDW
FIG. 3. Chern number results overlaid with the phase bound-
aries originally displayed in Fig. 1 for the 18A (a), 16B (b),
12A (c), 12C (d) lattices. The solid square, triangle and circle
markers represent C = 0, 1 and 2, respectively. The dashed-
line in panel (a) is drawn as a guide to the eye, delimiting
the region where the C = 1 regime is found within the CDW
phase.
much richer. In this case, we find that in part of the
CDW phase, at smaller U values, there is a coexistence
regime of a finite CDW order with the presence of a SU(2)
symmetry-breaking C = 1 phase. A physical interpreta-
tion of this result is that in such area of the phase di-
agram one pseudospin component of the spinful model
remains topologically non-trivial whereas the other does
not. Whether this coexistence will also occur in the ther-
modynamic limit is not clear, in special in view of the fact
that the cluster 18A does not possess all point group sym-
metries of the honeycomb lattice, albeit clearly possess-
ing one of the essential ingredients, the manifestation of
the K-point physics. In Appendix A, we further present
more details on the numerical computation of the Chern
number, in particular for this lattice size, supporting the
results displayed in Fig. 3(a).
IV. RESULTS OF THE MEAN-FIELD
CALCULATION
To contrast the previous results, and to further under-
stand finite-size discrepancies in the ED results for the
Chern number, we now report the outcomes when cast-
ing the interactions in a mean-field form [see Sec. II].
The phase diagram, constructed by taking into account
the onset of the order parameters OCDW,SDW [Eq.(9)], is
shown in Fig. 4 (a) on 180×180 and 30×30 lattices. We
first notice that the finite-size effects are rather small, and
60.0 2.5 5.0 7.5
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4
V
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CDW
SDW(a)
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180× 180
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3
∆
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V = 0.5
(d)
0.0
0.2
0.4
O S
D
W
FIG. 4. (a) The phase diagram of Eq. 1 under the mean-
field approximation. (b) A line-cut of the phase diagram at
V = 1, showing the local order parameters OCDW and OSDW
together with the corresponding Chern number C. Panels (c)
and (d) display the smallest band gap ∆(k) along the lines
U = 2 and V = 0.5, respectively, and are highlighted by the
dotted lines in panel (a).
the phase boundaries are qualitatively very similar to the
ones obtained from the ED method, i.e., the Chern insu-
lating phase gives way to SDW or CDW once the onsite
or nearest-neighbor interactions are sufficiently large.
A line-cut in this phase diagram with V = 1 clearly
demonstrates the different phases and associated orders,
and is shown in Fig. 4(b). The sharpness of the tran-
sitions indicates that the coexistence of a topological
phase with the formation of a local order parameter is
reduced to a very small region close to the transition
line, unlike presented in some of the previously shown
ED results. To see how this is connected with the gen-
eral picture of the change of a topological invariant af-
ter a single-particle gap closing when increasing a con-
trol parameter, we show in Figs. 4(c) and 4(d), the gap
∆(k) = min[E2(k
′) − E1(k′)] along line-cuts U = 2 and
V = 0.5, respectively. We first observe that the gap
is not very sensitive to changes either in V or U inside
the CI phase. The sharp drop in the gap at a critical
value of the control parameter signals the onset of the lo-
cal order parameters. After that, the gap closes quickly
(with small finite-size corrections) and it does corrob-
orate the change of the topological invariant at these
points shown in Fig. 4(b). It is in the reduced region
where the gap sharply drops to zero that long range or-
der and non-trivial topology coexist. Note, however, that
despite its sharpness, the gap closes continuously and the
phase transition into ordered phases is seemingly second
order at the MF level. Nonetheless, this gap closing oc-
curs, in both transitions, around the Dirac point, k ' K.
V. SUMMARY AND DISCUSSION
We studied the extended Haldane-Hubbard model in
the honeycomb lattice, at unity filling. Depending on
the magnitude of the repulsive interactions (either on-
site or nearest-neighbor) the ground-state displays insu-
lating behavior, with the presence of phases with finite
local order parameters, as charge-density and (antiferro-
magnetic) spin-density waves, in addition of a topolog-
ical phase, with its resulting non-local order parameter
associated to a topological invariant. Besides, the tran-
sitions among all such different phases are first order,
when computed with ED [76]. This picture is numerically
inferred in small lattices employing the exact diagonal-
ization, and complemented by a variational mean-field
analysis. In the former method, due to the small system
sizes amenable to computations, some of the clusters may
not display all the point group symmetries of the lattice
in the thermodynamic limit. For that reason, we must
caution that some of the results we display might suffer
from systematic finite size effects. Among those, a sur-
prising result is the manifestation of a SU(2) symmetry
breaking, where the appearance of a C = 1 phase concurs
with a charge density wave in a large part of the phase
diagram, when dealing with the largest cluster manage-
able to ED calculations. Such phase is absent in the
variational mean-field results, but could be potentially
revisited with a larger number of sites in the unit cell,
at the expense of introducing a much larger number of
fields to be converged [54].
A similar phase has been described in the Haldane-
Hubbard model in the presence of a staggered potential
∆, sandwiched in between the standard antiferromag-
netic Mott insulating phase at large onsite interactions,
and a band-insulating one, at similarly large magnitudes
of ∆ [42, 43][77]. In what concerns such SU(2) sym-
metry broken phases, whether or not they are a result
of systematic finite-size effects, is yet elusive. In prac-
tice, the smallest finite lattice displaying all the com-
plete set of point group symmetries is a lattice with 24
sites [22]. Our largest cluster with 18 sites possesses a
reduced (by the application of translational symmetries)
Hilbert space D ' 262 · 106 states, whereas for that lat-
tice, D ' 609 · 109, much beyond the current capabilities
of cutting edge exact diagonalization schemes. Another
possibility, however, is the usage of DMRG methods in
wide ladders, which is amenable to tackle a much larger
number of sites, and has been used in the past to inves-
tigate problems that simultaneously feature topological
aspects and interactions [21, 78]. This will be left for
future studies.
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Appendix A: The C = 1 phase for cluster 18A
We argue in Sec. III that for the case of the 18A cluster,
the Chern number in parts of the CDW phase displays a
surprising value of C = 1, i.e., a spontaneous symmetry
breaking occur, in line with what has been found in re-
lated spinful models possessing a checkerboard potential
instead [42, 43]. To better understand this result, we de-
scribe in more details the procedure we follow in order
to compute the topological invariant. The calculation
is based on the prescription presented in Refs. [32, 74],
where a discretized version of Eq. 4 is employed. For that,
we introduce twisted boundary conditions [72, 73], in
which the many-body ground-state |Ψ0φx,φy 〉 is obtained
on a torus {φx, φy} ∈ [0, 2pi). In the numerical compu-
tations, this range is discretized in Nx and Ny intervals,
resulting in φx =
2pim
Nx
and φy =
2pin
Ny
, with the integers
m,n chosen such that m ∈ [0, Nx) and n ∈ [0, Ny), and
the ground-state in such points is specified as |Ψ0m,n〉.
As a result, the discrete version of the Berry curvature
can be written as,
F˜m,n = −i log
(
Uxm,nU
y
m+1,n
Uxm,n+1U
y
m,n
)
, (A1)
where the complex numbers U
x(y)
m,n are the normalized
overlaps of the wave-functions in consecutive points of
the patched torus,
Uxm,n =
〈Ψ0m,n|Ψ0m+1,n〉
|〈Ψ0m,n|Ψ0m+1,n〉|
, Uym,n =
〈Ψ0m,n|Ψ0m,n+1〉
|〈Ψ0m,n|Ψ0m,n+1〉|
,
(A2)
with F˜m,n chosen in the branch (−pi, pi].
Finally, the topological invariant is thus written as a
normalized summation of the Berry curvatures,
C =
∑
m,n
F˜m,n
2pi
, (A3)
which, for a sufficiently large discretization Nx,y, con-
verges to the correct Chern number.
A necessary condition for the validity of this method is
that the first excitation gap ∆
(1)
ex is always finite along the
torus formed by the phases {φx, φy}, i.e., the phases do
not result in a gap closing, otherwise the Berry curvature
defined above would display a singularity. In Fig. 5, left
panels, we show an example of ∆
(1)
ex (φx, φy) when patch-
ing {φx, φy} using Nx = Ny = 6. The four consecutive
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FIG. 5. Left panels display the excitation gap between the
ground-state and the first excited many-body states ∆
(1)
ex
across the torus formed by the TBC’s, {φx, φy}, for V = 1.5.
Similarly, the right panels depict the corresponding Berry cur-
vature, normalized by 2pi. From top to bottom, the onsite in-
teractions are U = 2, 2.5, 3, 3.5, obtained for the 18A cluster.
∆
(1)
ex ’s are chosen across a cut in the phase diagram with
V = 1.5 and onsite interactions U = 2.0, 2.5, 3.0 and 3.5.
In this range, the computed Chern number from Eq. A3
is given, respectively, by C = 1, 0, 0 and 2. From U = 2
to U = 2.5, although gaps are all finite in {φx, φy} (and
much larger than the tolerance on the convergence set
in the Krylov-Schur diagonalization), the corresponding
Berry curvatures present a systematic change, see two
top right panels in Fig. 5. In turn, the second change
of the Chern number along this V = 1.5 line is less sur-
prising, and is related to the first order phase transition,
when the nearly-degenerate doublet of states in the CDW
phase crosses the third lowest eigenvalue in the Hamilto-
nian, entering in the Chern insulating phase.
We have further tested the unexpected C = 1 to C = 0
80
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FIG. 6. The Berry curvature normalized by 2pi, F˜m,n/2pi, for
the cluster 18A with parameters U = 2 and V = 2, along
the TBC torus {φx, φy}. In (a), Nx,y = 6, whereas in (b)
Nx,y = 12. General features are maintained albeit the much
finer mesh in the latter, and the resulting Chern number is
C = 1 in both cases [See Fig. 3(a)].
transition for other values of V , but it results in simi-
lar outcomes. Another possibility that may explain such
SU(2) symmetry broken phase on cluster 18A is related
to the small number of patches Nx,y used in the cal-
culation of the topological invariant. Figure 6 displays
a direct comparison of the Berry curvature for a typi-
cal point in the phase diagram that resulted in C = 1:
(U, V ) = (2, 2). Increasing the number of patches from
Nx,y = 6 to 12 does not alter the computed Chern num-
ber, so this technical aspect is not responsible for its ap-
pearance in this finite cluster.
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